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We explore the finite-temperature dynamics of the quasi-1D orbital compass and plaquette Ising models. We
map these systems onto a model of free fermions coupled to strictly localized spin-1/2 degrees of freedom. At
finite temperature the localized degrees of freedom act as emergent disorder and localize the fermions. Although
the model can be analyzed using free-fermion techniques, it has dynamical signatures in common with typical
many-body localized systems: Starting from generic initial states, entanglement grows logarithmically; in addition,
equilibrium dynamical correlation functions decay with an exponent that varies continuously with temperature and
model parameters. These quasi-1D models offer an experimentally realizable setting in which natural dynamical
probes show signatures of disorder-free many-body localization.
Introduction.—The far-from-equilibrium dynamics of iso-
lated many-body quantum systems has been a very active topic
of research in multiple fields of contemporary physics, ranging
from decoherence in quantum information theory to the black
hole information paradox [1–3]. A central topic in this field
has been the phenomenon of “many-body localization” (MBL),
by which an isolated quantum system fails to reach a local
equilibrium state starting from generic initial conditions [4–7].
In systems subject to strong quenched randomness, the exis-
tence of MBL can be proven under minimal assumptions [8].
Whether MBL can happen in systems with (discrete) transla-
tion invariance is a relatively subtle question [9–14]: in fully
generic systems of this kind, it seems likely that strict MBL
(i.e., a regime where a system never approaches equilibrium) is
impossible [15, 16], at least in the conventional thermodynamic
limit [17]. However, in many specific (albeit fine-tuned) mod-
els, disorder-free localization can be established; near these
fine-tuned limits, one expects the phenomenon to persist to
long times, though perhaps not asymptotically [18–22].
Experimental studies of MBL have hitherto been conducted
mostly on cold-atom systems and other forms of synthetic
quantummatter [23–29] (apart from a few studies on disordered
semiconductors and superconductors [30–33], and a very recent
study on phonons [34]). The key condition for disorder-free
localization—namely the presence of strong correlations that
can generate intrinsic randomness in thermal states—can also
be satisfied in strongly correlated electronic systems. However,
studies of disorder-free localization in this setting have so far
focused on somewhat fine-tuned models that are of limited
experimental relevance.
In the present work we discuss disorder-free MBL in two
equivalent spin models defined on two-leg ladders, which are
used to describe transition metal oxides [35]. Namely, the
square-lattice compass model [35–37], which can be seen as
a version of the Kitaev honeycomb model; and the plaquette
Ising model [38], which has recently been explored as a pro-
totype model with “fracton”-like excitations, i.e., excitations
whose motion is confined to reduced dimensions [39]. The
relation between fractons and disorder-free MBL also remains
largely unexplored in the literature (but see Ref. [40]). We
map the compass and plaquette models onto effective free-
fermion models coupled to emergent disorder, and explore the
growth of entanglement and the dynamical response of these
models by relating them to Loschmidt echoes in free-fermion
systems [22]. These free-fermion methods give us access to
much larger system sizes than are usual in the study of MBL.
Our main results are that both the entanglement dynamics and
the response in these models follow the predictions for generic
MBL: entanglement grows logarithmically in time [41–46] and
certain dynamical correlation functions decay with anomalous
power laws [47–51]. Beyond being experimentally relevant
in the study of strongly correlated materials [35], our models
afford us a level of analytical understanding that allows us to
elucidate why disorder-free single particle localization due to
emergent randomness gives rise to the same phenomenology
as MBL.
Models and mappings.—We begin by introducing the orbital
compass model defined on a two-leg ladder [35], as illustrated
in Fig. 1:
Hˆcompass = −∆
L∑
j=1
Xˆ1, j Xˆ2, j −
L−1∑
j=1
2∑
α=1
Γα Zˆα, j Zˆα, j+1 , (1)
where (Xˆα, j, Zˆα, j) are the usual Pauli matrices on leg α = 1, 2
and rung j = 1, . . . , L. Introducing the operators qˆzj = Zˆ1, j Zˆ2, j
on each rung, we may see that [Hˆ, qˆzj ] = 0 since the operators
qˆzj and Xˆ1, j Xˆ2, j share either zero or two sites. This leads to an
extensive number of conserved quantities {qj}, one for each
rung of the ladder; since (qˆzj )2 = 1, the conserved c-numbers
are qj = ±1.
We may then perform a 2-site version of the Kramers–
Wannier duality along the rungs of the ladder to dual spin-1/2
degrees of freedom ηˆ j and qˆ j : Xˆ1, j Xˆ2, j → ηˆxj , Zˆ1, j → ηˆzj , and
Zˆ1, j Zˆ2, j → qˆzj . In this language, the Hamiltonian (1) becomes
Hˆ = −∆
L∑
j=1
ηˆxj −
L−1∑
j=1
(
Γ1 + Γ2 qˆzj qˆ
z
j+1
)
ηˆzj ηˆ
z
j+1 . (2)
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FIG. 1. Schematic depiction of the model and its mapping to a bond-
disordered transverse field Isingmodel. AKramers–Wannier duality of
the compassmodel (1) along the rungs isolates the conserved quantities
qˆz
i
= Zˆ1,i Zˆ2,i . Within each charge sector, specified by the configura-
tion {qj }, the Hamiltonian of the ηˆ spins Hˆ({qj }) corresponds to an
Ising model with nearest neighbour coupling Ji,i+1 = Γ1 + Γ2qiqi+1.
There are three further equivalences to keep in mind. First,
the Ising Hamiltonian (2) can be transformed, via a standard
(leg-direction) Kramers–Wannier duality, to one in which
the transverse-field and interaction terms are interchanged.
Second, either Ising model can be mapped to free fermions
via a Jordan–Wigner transformation. Third, one can undo
the (rung-direction) Kramers–Wannier duality to arrive at a
plaquette-Ising model with the Hamiltonian
Hˆ = −∆
∑
j
σˆz1, j σˆ
z
2, j σˆ
z
1, j+1σˆ
z
2, j+1 −
∑
j
(
Γ1σˆ
x
1, j + Γ2σˆ
x
2, j
)
.
(3)
In this paper we will treat the disorder-free spin models (1)
and (3) as fundamental (for the purpose of identifying local
physical observables). The full set of equivalent models is
captured by the following diagram (see also Fig. 1):
Hˆcompass
Leg KW←−−−−−−−−−→Hˆ
Rung KW l l Rung KW
HˆIsing ⊗ Hˆdisorder Leg KW←−−−−−−−−−→ ˆ˜HIsing ⊗ ˆ˜Hdisorder
Anderson localization.—The spectrum of Hamiltonian (2)
can straightforwardly be constructed for any sector of the
conserved quantities {qi}. For random {qi} (e.g., in high-
temperature states), the dynamics is that of Majorana fermions
with random binary hopping. The Hamiltonian (2) has an
eigenstate phase transition [52–54] in a given sector of {qi}
when 〈
log
Γ1 + Γ2 qjqj+1〉 = log |∆| , (4)
where the average is over space. At infinite temperature this
transition point is at
Γ21 − Γ22  = ∆2. It separates a random
paramagnet with localized excitations—for which the order pa-
rameter autocorrelation function, 〈ηzi (t)ηzi (0)〉 = 〈Zi(t)Zi(0)〉,
vanishes—from a “spin glass” phase, in which it does not.
Note that at the special value Γ1 = Γ2 the system is always
paramagnetic, according to the criterion above. This follows
because bonds for which qiqi+1 = −1 are cut, and a finite
segment of a system cannot undergo a phase transition. The
phase transition separating these two dynamical phases is in the
infinite-randomness universality class; at the transition point,
all the fermionic eigenstates are localized with a localization
length that diverges as E → 0.
As one lowers the temperature, the qˆzi become increasingly
likely to align with their neighbours, so the localization length
grows. At zero temperature there is no randomness, and the
system undergoes a ground-state phase transition that is in the
Ising universality class. However, the system is localized at
any finite energy density above the ground state.
Entanglement growth.—Since themodel (2) has free-fermion
dynamics in any fixed sector, one can deduce that a general low-
entanglement (e.g., product) initial state that is an eigenstate of
all the qˆzi will quickly saturate to area law entanglement—at
least away from the critical point for that sector. Interestingly,
if we start instead from a superposition of qˆzi eigenstates, the
entanglement exhibits unbounded slow logarithmic growth that
is characteristic of MBL systems. In what follows we explain
intuitively why this happens, and then explain how one can
exploit the free-fermion character of the dynamics in each
sector to efficiently compute the entanglement for relatively
large systems.
One can imagine “integrating out” the free fermions to
arrive at an effective classical spin model with Hamiltonian
Hˆeff(qˆzi ). This Hamiltonian has diagonal interactions that
decay exponentially in space with the characteristic fermionic
localization length. Starting from an initial superposition,
these interactions will cause slow dephasing, and thence slow
entanglement growth, exactly as in Refs. [44–46]. One can
illustrate this by considering a minimal example involving a
2×2 ladder. The Hamiltonian is Hˆtoy = −(Γ1 +Γ2qˆz1 qˆz2)(cˆ†1 cˆ2 +
cˆ†1 cˆ
†
2 + H.c.) − ∆
∑
j(1 − 2cˆ†j cˆj ). Considering for simplicity
the sector with odd fermion parity (i.e., one fermion), the
eigenstates have energies ±(Γ1 + Γ2q1q2). Thus, if the initial
state is a superposition of different qˆzi states, it will dephase on
a time scale ∼ 1/Γ2 [55]. The dephasing rate between pairs of
qi falls off exponentially with distance, so at time t each qi is
A
A
A
A
B
B
B
B
FIG. 2. Schematic illustration of the relation between different disorder
configurations in the calculation of the second Rényi entropy S2. The
colours correspond to different disorder realisations of the charges
{qj } in the A and B subsystems. There are four replicas of the system
corresponding to two forwards (left to right) and two backwards
(right to left) time evolutions. Adjacent forwards and backwards time
evolutions share the same disorder configuration of either the A or B
subsystem, depending on their parity, as represented by boxes of the
same colour.
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FIG. 3. Entanglement entropy S2(t) after beginning in the translationally-invariant initial state given in Eq. (5) for a cut through the legs of
the ladder that splits the system into two equal halves. Left panel: After some initial transient dynamics, the entanglement entropy grows
logarithmically in time, until it eventually saturates as a result of finite size. The saturation value is consistent with volume-law growth, as shown
in the inset. Systems of size L ≤ 12 are calculated using exact diagonalisation, while larger system sizes are evaluated using random sampling of
Eq. (7). All curves are calculated using parameters Γ2 = ∆ = 1, and Γ1 = 1/2. Right panel: Scaling collapse of the data for a fixed system size
L = 22 for various values of Γ1, shown prior to rescaling in the inset, confirming the scaling S2(t) ∼ ξ log(t/ξ).
entangled with ∼ ξ log t others [44].
We now consider, more generally, an initial product state of
the compass spins |Ψ〉 = Zˆ1, j |Ψ〉 = Xˆ2, j |Ψ〉. It can be written
in terms of the Ising spins as
|Ψ〉 = |Φ〉 ⊗ 1
2L/2
∑
qj=±1
{qj}〉 , (5)
where |Φ〉 is an eigenstate of all ηˆzj operators satisfying ηˆzj |Φ〉 =
|Φ〉. As a result, the product state (5) has a projection of equal
weight onto each of the charge sectors.
We bipartition the system leg-wise, into two ladders A and
B, each of length LA = LB = L/2:
ρˆA(t) = 12LA
∑
{µ j }
Tr
[
ρˆ(t)
∏
j∈A
ηˆ
µ j
j
] ∏
j∈A
ηˆ
µ j
j , (6)
where µj = 0, 1, 2, 3, ηˆ0j is the identity and ηˆ
1,2,3
j = ηˆ
x,y,z
j . The
form of the Jordan–Wigner transformation maps the Hilbert
space of the first LA spins onto the first LA (Majorana) fermions
and thus the density matrix of the spins and of the fermions
is the same [56]. Further, the transformation that maps ηˆ to
compass spins does not mix the A and B subsystems and hence
the reduced density matrices of the ηˆ and compass spins are
unitarily equivalent.
We find that in terms of the ηˆ-spins
Tr ρˆ2A =
1
22L
∑
{q1 }, {q2 }
TrA
[
TrB Uˆ(qA1 , qB1 )PˆΦUˆ†(qA2 , qB1 )
TrB Uˆ(qA2 , qB2 )PˆΦUˆ†(qA1 , qB2 )
]
, (7)
where PˆΦ = |Φ〉 〈Φ| is the projector onto the initial state of the
ηˆ-spins, and U(qA, qB) is the time evolution operator with a
disorder configuration specified by {q} = {qA} ∪ {qB}. The
exponentiated Rényi entropy e−S2(t) ∝ Tr ρˆ2A may be regarded
as a disorder average over two independent charge configura-
tions {q1} and {q2}. The expression includes two forwards
time evolutions U(qA, qB), and two backwards time evolutions
U†(qA, qB), each containing a different Hamiltonian. However,
the trace enforces that the disorder configurations appearing in
these Hamiltonians are not independent, instead being stitched
together in the manner shown schematically in Fig. 2. This
representation allows the result to be generalised to α > 2: For
the entropy Sα(t) there exist 2α replicas of the system with
different disorder configurations correlated as per Fig. 2. This
is a direct consequence of the emergent nature of the disorder.
The expression (7) is evaluated numerically for α = 2 using
the free-fermion techniques described in the supplemental
material (SM) [57] and plotted in Fig. 3 for Γ2 = ∆ = 1, and
Γ1 = 1/2 (with a corresponding average localisation length of
ξ ' 5.32). After some initial transient dynamics, the growth
of the entanglement entropy is seen to be logarithmic in time
for sufficiently large systems, S2(t) ∼ log t, before finite size
effects become relevant and the entropy saturates to a constant
value. As shown in the inset, the late-time behaviour of S2 is
volume law: S2(∞) ∝ L.
We emphasize that the logarithmic entanglement growth is a
consequence of the mixing between different q-sectors in the
Ising model: in a fixed q-sector, the dynamics is described by
an Ising model with binary disorder, for which entanglement
growth saturates (away from the critical point). This is checked
explicitly in the SM [57].
Dynamical structure factor.—Logarithmic entanglement
growth, while central to the phenomenology of MBL systems,
is not realistically measurable in most experiments. In what
follows we consider an observable that is straightforward to
measure in solid-state experiments, and we argue that it also
exhibits signatures of MBL that are related to the logarithmic
growth. Let us consider the dynamical structure factor in the
4basis of the compass spins Σˆα, j , where Σˆ = Xˆ, Zˆ . In particular,
we are interested in the time-dependence of
〈
Σˆα,i(t)Σˆ′β, j(0)
〉
,
where the angled brackets correspond to a finite temperature
average with respect to the canonical ensemble. The trace over
charge configurations {qj} implies that only operators that do
not project out of a given charge sector are nonzero. That
is, each qˆγj operator that projects out of a given sector must
appear an even number of times for the expectation value to
be nonvanishing. As a consequence, the off-diagonal (mixed)
elements XZ and ZX must vanish identically.
In the high-temperature limit, the nonzero components of
the structure factor may be written as
〈Xˆ1,i(t)Xˆ1, j(0)〉 = δi jTr
[
eiHˆ({q })te−iHˆ
x
i ({q };−qi )t
]
, (8)
〈Zˆ1,i(t)Zˆ1, j(0)〉 = δi jTr
[
eiHˆ({q })te−iHˆ
z
i ({q })t
]
, (9)
where the overline corresponds to an infinite-temperature av-
erage over the various charge sectors, Hˆγi = ηˆ
γ
i Hˆηˆ
γ
i , and
Hˆ({q};−qi) denotes that the sign of the spin qi on site i, has
been flipped with respect to the configuration {q} [58]. Both
correlators map onto disorder averages of Loschmidt-echo-like
quantities. In both cases the forwards and backwards Hamilto-
nians differ by some local perturbation in the real space spin
basis. The latter correlation function maps directly onto the
spin correlation function of the Ising Hamiltonian in Eq. (2),
〈ηˆzi (t)ηˆzj (0)〉, for which only the autocorrelation function i = j
is nonzero at infinite temperature [59, 60]. Both expressions
may be evaluated efficiently using free-fermion techniques.
Despite the apparent similarity between the two expressions,
the behaviour of the two components is markedly different.
The ZZ correlator corresponds (as noted above) to the order
parameter correlator in the Ising model. In the presence of
emergent randomness, the behaviour of this correlator can
be understood in the excited-state real-space renormalization-
group (RSRG-X) framework [53]. In the paramagnetic phase,
this correlator decays to zero, while in the ferromagnet it
saturates to a nonzero value. (In a finite system, the correlator
eventually goes to zero, but on a time scale that diverges with
system size.) This plateau is shown in Fig. 4.
The XX correlator, on the other hand, involves both flipping
spins and changing q-sector. Thus, Eq. (8) is analogous to
the Loschmidt echo after a local quench in an MBL system.
Treating the difference between the forwards and backwards
time evolutions as a perturbation ∼ (ηˆz
i−1ηˆ
z
i + ηˆ
z
i ηˆ
z
i+1) [61], we
arrive at the expression
〈Xˆ1,i(t)Xˆ1,i(0)〉 ∼
L∏
n=1
cos
(
 t[ψni−1φni + ψni φni+1]
) ∼ (  t
ξ
)−cξ
,
(10)
where the matrices ψnj and φ
n
j diagonalise the fermionic Hamil-
tonian [62]. This correlation function is essentially the ex-
ponentiated entanglement. We see in Fig. 4 that this power
law decay is indeed seen in the numerics, with an exponent
that is qualitatively consistent with our expectations. (The
correlation function is relatively noisy and the exponents have
non-negligible error bars.)
Discussion.—The central result of this work is that quasi-
1D compass models and plaquette Ising models, which arise
naturally in various experimental settings [35], can exhibit
a form of disorder-free localization that bears many of the
distinctive features of MBL, such as the unbounded logarithmic
growth of entanglement and the anomalous power-law decay
of correlation functions. This considerably broadens the scope
of candidate materials for studying MBL and its dynamical
signatures.
We established our results in a model that was solvable
using free-fermion techniques; remarkably, the slow growth of
entanglement, despite being inherently an interaction effect, is
present in these free-fermion models because (as we explained
here) integrating out the fermions gives rise to diagonal inter-
actions and thus exponentially slow dephasing between distinct
configurations of conserved variables. (Related phenomena had
previously been found in out-of-time-order correlators [22, 63].)
As we argued, this slow dephasing also manifests itself in more
experimentally accessible variables, such as the XX component
of the dynamical structure factor. (Note that, while logarithmic
growth of entanglement is also seen in some other models with
divergent localization lengths [64] or strong zero modes [63],
the compass model in its paramagnetic phase exhibits neither of
these features, but still has logarithmic entanglement growth.)
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FIG. 4. Time dependence of the diagonal elements of the infinite-
temperature dynamical structure factor in the compass degrees of
freedom, Xˆα, j and Zˆα, j , for L = 48, and Γ2 = ∆ = 1. The XX
correlator in panel (a) exhibits a decay consistent with Eq. (10): Power
law ∼ t−γ , with an exponent proportional to the localisation length ξ,
as shown in panel (b). Conversely, the ZZ correlator (c) is diagonal
in the conserved quantities {qˆz
j
}, and hence maps directly onto the
corresponding spin correlation function of the disordered TFIM (2).
The inset shows the divergence of the time scale over which the
plateau decays with system size in the ferromagnetic phase (shown
for L = 8, 16, 24, 32, 40).
5Given the close parallels between the entanglement growth
here and the physics of Loschmidt echoes for free fermions,
the present model raises the prospect of deriving exact ex-
pressions for the asymptotics of entanglement and correlation
functions, via solving a Riemann–Hilbert problem [65]; this is
an interesting topic for future work.
A natural question our results raise is what happens for
ladders with more than two legs. These systems still have
one local conserved quantity per rung (i.e., the product of
Xˆ operators along the rung), which can generate emergent
disorder, as in the two-leg case. They are in general strongly
interacting and do not admit free-fermion solutions, and are thus
beyond the scope of our current focus. For parameters where
these models have an MBL phase, its phenomenology should
resemble that studied here. However, such generic interacting
models will also exhibit a delocalized thermal phase. How
sector-changing operators like the XX correlator behave at the
many-body delocalization transition remains an open question
worthy of future consideration.
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1Supplemental Material for “Logarithmic entanglement growth from disorder-free localisation in the
two-leg compass ladder”
SINGLE PARTICLE LOCALISATION
Within each symmetry sector specified by conserved quan-
tities {qj}, the Ising Hamiltonian [Eq. (2) in the main text,
rung-KW dual to the compass Hamiltonian] can be written in
terms of Majorana fermions using a Jordan–Wigner transfor-
mation ηˆxi = −iaˆ2i−1aˆ2i and ηˆzi = −
∏
j<i Pˆj aˆ2i−1, where the
parity operator Pˆj = −iaˆ2j−1aˆ2j . In this basis, the Hamiltonian
becomes
Hˆ =
2L−1∑
k=1
iJk aˆk aˆk+1 , (S1)
where the coupling J2k = Jk ≡ Γ1 + Γ2qkqk+1, and J2k−1 = ∆.
Within a sector containing an infinite-temperature distribu-
tion of charges, the eigenstates of the Hamiltonian (S1) are all
exponentially localised. The single particle localisation length
properties are determined by the transfer matrix
Tn =
(−E/∆ −Jn/∆
1 0
) (−E/Jn −∆/Jn
1 0
)
(S2)
=
(
E2/∆Jn − Jn/∆ E/Jn
−E/Jn −∆/Jn
)
. (S3)
Note that DetTn = 1, and so its eigenvalues are the reciprocal
of one another. We determine the localisation length ξloc(E) at
energy E by finding the largest Lyapunov exponent γ(E) of the
matrix T˜†LT˜L , where T˜L =
∏L
n=1 Tn. In particular,
γ(E) = lim
L→∞
1
2L
T˜†LT˜L 1 , (S4)
where the overline denotes an average over disorder realisations,
i.e., charge configurations {qj}.
In Fig. S1, we show the localisation length ξloc as a function
of energy E and Γ1, having set Γ2 = ∆ = 1, calculated
using the transfer matrix method [66]. That is, the mean
value of the coupling in the effective Ising model is varied,
whilst the magnitude of its fluctuating component is kept
fixed. Since Tn in (S3) becomes diagonal for E = 0, the
corresponding Lyapunov exponent γ may easily be evaluated
to give γ(0) = 12
ln |Jn/∆|, which diverges as Γ1 → 0 and
Γ2 → ∆. Conversely, the system is most strongly localised for
the case of equal couplings on the two legs: Γ1 = Γ2. In this
special case, qj = −1 leads to a perfect cancellation between
the two legs and hence Jj ∈ {0, 2Γ1}. The system becomes
decoupled into a series of disconnected, clean TFIM chains of
finite length. This decoupling of the eigenstates implies that the
localisation length is strictly zero (although the characteristic
extent of the wave function depends on the temperature of
the disorder distribution, i.e., the characteristic separation of
‘defective’ spins, via the length of the disconnected chains).
Defining Γ± = Γ1 ± Γ2, the system possesses a spectral gap
when {Γ+, Γ−} ⊂ (0,∆) or {Γ+, Γ−} ⊂ (∆,∞) [67].
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FIG. S1. Single particle localisation length, ξloc(E), as a function
of energy E and mean value of the coupling Γ1 for a system of size
L = 2 × 105. The effective magnetic field ∆ and the fluctuating
part of the coupling, Γ2, have been set equal to unity. The system
has a vanishing localisation length for equal couplings on the two
legs of the ladder Γ1 = Γ2, where the chain is split into multiple
disconnected sections. The localisation length was determined using
standard transfer matrix techniques.
FREE-FERMION EXPRESSIONS
In this section we review for completeness the results neces-
sary to perform the free-fermion calculations presented in this
manuscript.
Gaussian density matrix composition
Throughout the manuscript, we make extensive use of the
composition rule for Gaussian fermionic density matrices.
Given two normalised fermionic density matrices ρˆ1, ρˆ2 of the
form
ρˆi =
1
Z
exp
(
1
4
aˆTWi aˆ
)
, (S5)
where the matricesWi = −WTi are skew-symmetric (not neces-
sarily Hermitian), and aˆ is a vector of Majorana operators. As
shown in Ref. [56], the product ρˆ1 ρˆ2 is also a Gaussian density
matrix. The matrixW12 that defines this state can be shown to
satisfy eW12 = eW1eW2 using the Baker–Campbell–Hausdorff
(BCH) identity. However, the correlations implied by states of
the form (S5) are completely determined by the corresponding
correlation matrix
L
nm = Tr[aˆn ρˆaˆm] − δnm . (S6)
The correlation matrix
L
should not be confused with the
parameters Γ1 and Γ2 that appear in the Hamiltonian. It can
2then be shown that, for density matrices specified by correlation
matrices
L
1 and
L
2, ρˆ[L1] and ρˆ[L2], respectively, their product
satisfies the following composition rule
ρˆ[L1]ρˆ[L2] = {L1,L2} ρˆ[L1 × L2] , (S7)
where {L1,L2} ≡ Tr ρˆ[L1]ρˆ[L2], andL1×L2 is the correlation
matrix of the composite density matrix. As shown in Ref. [56]
the composition “×” of correlation matrices is defined as
L
1 × L2 = 1 − (1 − L2) 1
1 +
L
1
L
2
(1 − L1) . (S8)
The normalisation factor {L1,L2} may be written in terms of
the spectrum of the product matrix
L
1
L
2 (whose eigenvalues
are doubly degenerate)
{L1,L2} =
∏
νj ∈Spec(L1L2)/2
1 + νj
2
(S9)
= ± 1
2L
√
det |1 + L1L2 | . (S10)
The unspecified sign in terms of the square root of the determi-
nant may be resolved by writing the result in terms of Pfaffians.
In particular, we find that
{L1,L2} =
Pf(L−11 +
L
2)
2L Pf(L−11 )
. (S11)
We now turn to expressing the projector onto the initial
state PˆΦ = |Φ〉 〈Φ|, appearing in a number of expressions
throughout the manuscript, as a Gaussian density matrix. If the
initial state |Φ〉 has a well-defined number of Jordan–Wigner
fermions on each site in real space, i.e., it is an eigenstate of
the Sˆxj operators, then the relevant projector is
|Φ〉 〈Φ| =
L∏
j=1
Pˆ(n j )j , (S12)
where
Pˆ(0)j = 1 − cˆ†j cˆj Pˆ(1)j = cˆ†j cˆj , (S13)
project onto states with nj = 0, 1 fermions on site j, respectively.
Now, each of these projectors may be written as a Gaussian
density matrix. In particular,
1 − αcˆ†j cˆj = ecˆ
†
j ln(1−α)cˆ j , (S14)
where Pˆ(0)j is recovered in the limit α → 1−. Conversely, for
the orthogonal projector
α−1(1 + αcˆ†j cˆj ) = α−1ecˆ
†
j ln(1+α)cˆ j , (S15)
where now Pˆ(1)j is recovered in the limit α → ∞. We now
proceed to write the density matrix in terms of Majorana
fermions aˆn using the relationship
cˆ†j cˆj =
1
2
(1 + iaˆ2j−1aˆ2j) . (S16)
Therefore, writing ρˆ = 1Z e
1
4
∑
mn aˆmWmn aˆn , the skew-symmetric
matrixW decomposes into 2 × 2 blocks along the diagonal:
ln(1 ∓ α) (aˆ2`−1 aˆ2` ) ( 0 i−i 0) (aˆ2`−1aˆ2` ) . (S17)
Taking the matrix hyperbolic tangent to obtain the correlation
matrix,
L
= tanh(W/2), we arrive at
L
α =
(
0 i tanh
[ 1
2 ln(1 ∓ α)
]
−i tanh [ 12 ln(1 ∓ α)] 0
)
(S18)
L
=
(
0 ∓i
±i 0
) ⊗N
= [±σy]⊗N . (S19)
Here σy corresponds to the second Pauli matrix. Hence, time-
dependent expressions involving the projector onto the initial
state PˆΦ may be computed using the composition rule (S7) and
the correlation matrix (S19).
Green’s function approach
When the required expectation value can be written as a
product of time-evolved Majorana operators, we can use the
‘Pfaffian trick’ to map the desired correlator onto a single Pfaf-
fian. In particular, given an ordered list of (linear combinations
of) Majorana operators φˆ1, φˆ2, . . . , φˆ2m, the expectation value
of this list with respect to a Gaussian state Φ is given by
〈Φ|φˆ1φˆ2 · · · φˆ2m |Φ〉 = Pf(G) , (S20)
where the antisymmetric matrix G is defined by Gi j =
〈Φ|φˆi φˆ j |Φ〉 for i < j. Applied to a time-ordered product
of Marjorana operators, we arrive at
〈Φ|T aˆ1(t1)aˆ2(t2) · · · aˆ2m(t2m)|Φ〉 = Pf(G) , (S21)
where Gi j = 〈Φ|T aˆi(ti)aˆj(tj)|Φ〉 for i < j. For t > 0,
G>i j = Tr
[
aˆi(t)aˆj(0) |Φ〉 〈Φ|
]
. (S22)
Writing the time evolution of the Majoranas in terms of the
unitarymatrixU(t), aˆ(t) = U(t)aˆ(0), the Green’s functionsmay
be written as G>i j = [U(t)(1 +
L)]i j , where
L
is the correlation
matrix of the initial state Φ.
OTHER DUALITIES OF THE MODEL
In this section we describe in further detail the dualities
that the compass Hamiltonian possesses. As exploited in the
main text, the original compass model can be transformed into
a bond-disordered transverse field Ising model through the
transformation
qˆzj = Zˆ1, j Zˆ2, j ηˆ
z
j = Zˆ1, j (S23)
qˆxj = Xˆ2, j ηˆ
x
j = Xˆ1, j Xˆ2, j (S24)
qˆyj = Zˆ1, jYˆ2, j ηˆ
y
j = Yˆ1, j Xˆ2, j . (S25)
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FIG. S2. Comparison of entanglement entropy for both the square
plaquette (Hˆ) and compass (Hˆcompass) models. The two models are
dual to one another via the Kramers–Wannier transformation, up to
boundary effects. This leads to an O(L0) discrepancy between the
two models, but does not affect the slow, logarithmic-in-time growth
discussed in the main text. The curves are computed using exact
diagonalisation. Taking advantage of all symmetries of the models
allows us to reach 2L = 24 spins. Parameters Γ2 = ∆ = 1, Γ1 = 1/2.
The new spin-1/2 degrees of freedom ηˆ and qˆ commute with
one another and individually satisfy the canonical angular
momentum commutation relations. In these new variables, the
compass Hamiltonian [i.e., Eq. (1) in the main text] becomes
Hˆ = −
L−1∑
j=1
(Γ1 + Γ2qˆzj qˆzj+1)ηˆzj ηˆzj+1 − ∆
L∑
j=1
ηˆxj . (S26)
In this language, the operators qˆzj are conserved quantities.
Alternatively, one can perform a Kramers–Wannier duality
along the two legs of the ladder of the form Zˆα, j Zˆα, j+1 → σˆxα, j ,
and Xˆα, j → σˆzα, j σˆzα, j+1. This transformation gives rise to a
square plaquette Ising model in the presence of a transverse
field:
Hˆ = −∆
∑
p
∏
i∈p
σˆzi −
∑
i
Γiσˆ
x
i (S27)
= −∆
∑
j
σˆz1, j σˆ
z
2, j σˆ
z
1, j+1σˆ
z
2, j+1 −
∑
j,α
Γασˆ
x
α, j , (S28)
where the index i labels all the spins on both legs. The
second line in the equation above uses a different labelling
scheme where j indexes the rungs of the ladder, and α = 1, 2
identifies the legs, which are subjected to effective magnetic
fields Γ1 and Γ2, respectively. The conserved quantities are
still products of two neighbouring spins belonging to the same
rung: τˆxj = σˆ
x
1, j σˆ
x
2, j , dual to plaquette operators in the original
compass model, qˆj qˆj+1 = Zˆ1, j Zˆ2, j Zˆ1, j+1 Zˆ2, j+1. If we then
perform a further Kramers–Wannier transformation along the
rungs, we arrive at the Ising model, which is leg-KW dual
to (S26), i.e., where the disorder is now in the on-site magnetic
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FIG. S3. Rényi entanglement entropy S2(t) of a disordered Isingmodel
with static, quenched disorder, and parameters Γ2 = ∆ = 1, Γ1 = 1/2.
Unlike Fig. 3 in the main text, corresponding to the entanglement
entropy for the plaquette ladder where the disorder is self-generated,
the entanglement entropy saturates to an area law contribution for
large times and system sizes. Note also that the saturation value is an
order of magnitude smaller than in Fig. 3 for the largest system sizes
that we consider. Inset: system size dependence of the asymptotic
plateau value in the limit of large time.
field. Explicitly, implementing the transformation
Sˆz = σˆz1 σˆ
z
2 τˆ
z = σˆz2 (S29)
Sˆx = σˆx1 τˆ
x = σˆx1 σˆ
x
2 (S30)
Sˆy = σˆy1 σˆ
z
2 τˆ
y = σˆx1 σˆ
y
2 (S31)
we arrive at the field-disordered TFIM Hamiltonian
Hˆ = −∆
∑
j
Sˆzj Sˆ
z
j+1 −
∑
j
(Γ1 + Γ2τˆxj )Sˆxj . (S32)
If open boundary conditions are imposed on the compass
spins, then this translates into fixed boundary conditions for
the σˆ spin variables (and, in turn, the Sˆ and τˆ spins). The full
KW transformation may be written as
σˆxi = Zˆi Zˆi+1 (i < L), σˆxL = ZˆL (S33)
σˆzi =
∏
j≤i
Xˆj ∀i , (S34)
which translates into the following Hamiltonian including
boundary effects:
Hˆ = −∆
L∑
j=1
Sˆz
j−1Sˆ
z
j −
L−1∑
j=1
(Γ1 + Γ2τˆxj )Sˆxj , (S35)
where Sˆz0 = 1. The global Z2 symmetry of the original Ising
Hamiltonian,
∏L
j=1 ηˆ
x
j , maps onto the conserved boundary spin
SˆzL in the dual description.
To summarise, the compass ladder is leg Kramers–Wannier
dual to the square plaquette model. If open boundary conditions
are imposed on the former, they manifest as fixed boundary
4conditions in the latter. One may equivalently impose open
boundary conditions on the plaquette Ising model, leading
to fixed boundary conditions imposed on the compass model.
By virtue of the the local duality between these models, the
bulk (volume-law) contribution to the entanglement entropy is
equal in the two cases, and therefore we expect to see identical
unbounded logarithmic growth of entanglement in both models,
up to O(L0) differences due to the boundary effects discussed
above. This expectation is borne out in the numerics, as one
may observe in Fig. S2. The curves are calculated using exact
diagonalisation, taking advantage of the full Z2 ×ZL2 symmetry
of the models. This allows full diagonalisation of systems of
size up to and including 2L = 24 spins (with Hilbert space
dimension ≈ 1.68 × 107).
INITIAL STATE DEPENDENCE
Here we discuss the effect of the initial state of the Ising
spins on the growth of the entanglement entropy, as quantified
by the Rényi entropy S2(t).
If the dynamics is confined to a single symmetry sector {qj},
then the entanglement growth becomes equivalent to that of
a disordered TFIM. In this case, the entanglement growth is
not unbounded and saturates to an area law value, as shown in
Fig. S3.
In the main text, we considered an initial state |Ψ〉 satisfying
Zˆ1, j |Ψ〉 = |Ψ〉 and Xˆ2, j |Ψ〉 = |Ψ〉. In terms of the Ising spins,
this translates into an “infinite temperature” superposition of
states
|Ψ〉 = |Φ〉 ⊗ 1
2L/2
∑
qj=±1
{qj}〉 , (S36)
where ηˆzj |Φ〉 = |Φ〉. The initial state of the ηˆ spins is therefore
“fully magnetised” in (S36). Let us consider the generalisation
of (S36) in which the state |Φ〉 is now considered to be a
random product state in the ηˆzj basis. The initial state is hence
no longer translationally invariant.
As we show in Fig. S4, the logarithmic growth that was
observed in the main text starting from the disorder-free “fully
magnetised” state is also seen for the case of a typical random
initial product state. In both cases, the growth is eventually
truncated due to finite system size. We further plot the behaviour
of the entropy averaged over random initial (product) states,
which shows that the behaviour of a typical random initial state
coincides with the behaviour of the average.
OUT-OF-TIME-ORDER CORRELATOR
Using the free-fermion techniques developed earlier in the
supplemental material, we are also able to efficiently compute
the out of time order correlator (OTOC), allowing for compar-
ison with Refs. [22, 63]. We show that certain components
of the OTOC spread logarithmically in time, in agreement
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FIG. S4. A comparison of three quench protocols corresponding to
different initial states |Φ〉 of the Ising spins. These three protocols are
(i) the translationally-invariant, fully magnetised state, (ii) a random
product state in the computational basis, and (iii) an average over such
random states. The calculations were performed using a system of
size L = 22, averaged over 215 histories, with Γ2 = ∆ = 1, Γ1 = 1/2.
with Refs. [22, 63]. This constitutes another example where
the compass model (and its plaquette Ising dual) exhibits phe-
nomenology normally associated with many-body localised
systems, despite its mapping to free fermions.
Let us consider the spreading of correlations in the plaquette
Ising model (S28), composed of spins σˆαj . In terms of these
degrees of freedom, the OTOC is defined as
Cαβi j =
1
2
〈Ψ| [σˆαi (t), σˆβj (0)] 2 |Ψ〉 = 1−Re [Fαβi j (t)] , (S37)
where it is convenient to write
Fαβi j (t) = 〈Ψ|σˆαi (t)σˆβj (0)σˆαi (t)σˆβj (0)|Ψ〉 . (S38)
We consider the following components of the OTOC, written
in terms of the spins Sˆαj and τˆ
α
j , which are rung-KW dual to
the ‘physical’ spins σˆαj
Fxx11 = 〈Ψ|Sˆxi (t)Sˆxj (0)Sˆxi (t)Sˆxj (0)|Ψ〉 (S39)
Fxz11 = 〈Ψ|Sˆxi (t)Sˆzj (0)τˆzj (0)Sˆxi (t)Sˆzj (0)τˆzj (0)|Ψ〉 (S40)
Fzx11 = 〈Ψ|Sˆzi (t)τˆzi (t)Sˆxj (0)Sˆzi (t)τˆzi (t)Sˆxj (0)|Ψ〉 (S41)
Fzz11 = 〈Ψ|Szi (t)τˆzi (t)Szj (0)τˆzj (0)Szi (t)τˆzi (t)Szj (0)τˆzj (0)|Ψ〉 .
(S42)
The state |Ψ〉 corresponds to the initial state of the spins σˆαj .
In the following, we focus on the spins in the infinite tempera-
ture, translationally-invariant (disorder-free) initial state given
in (S36), although similar phenomenology may be found in the
OTOC evaluated in equilibrium.
Focusing to begin with on the component Fxx11 (xi, xj ; t), we
find that in the fermionic language it evaluates to a double
Loschmidt echo averaged over the various charge configurations
at infinite temperature
Fxx11 =
∑
{τj }
〈Φ|eiHˆ(τ)te−iHˆi (τ)x teiHˆ xxi j (τ)te−iHˆ xj (τ)t |Φ〉 ,
(S43)
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FIG. S5. The various components of the OTOC, starting from the infinite-temperature disorder-free state |Ψ〉 defined in (S36). Cxxi j (t) remains
within the single particle localisation length, while the other components spread logarithmically. All plots use the parameters Γ2 = ∆ = 1, and
Γ1 = 3/2. The xx, xz, and zx components are evaluated for a system of size L = 100, while the zz component is for L = 35.
were |Φ〉 is the initial state of the fermions. The xx component
remains within the same symmetry sector specified by {τj},
analogous to the ZZ component of the dynamical structure
factor in the main text. Here we reserve the use of lower case
variables x, z for the plaquette Ising model spins σˆx,zj , while
capital X , Z are reserved for the compass spins. The leg KW
duality is responsible for interchanging the behaviour of x ↔ z.
Conversely, the other components of Fαβ11 (t) include operators
τˆzj that project out of a given symmetry sector, which display
behaviour analogous to the XX component of the structure
factor discussed in the main text.
In the fermionic language, the components of the matrix
Fαβ11 (xi, xj ; t) (whose arguments are suppressed for brevity) are
Fxx11 = 〈Φ|eiHˆ(τ)te−iHˆ
x
i (τ)teiHˆ
xx
i j (τ)te−iHˆ
x
j (τ)t |Φ〉 (S44)
Fxz11 = 〈Φ|eiHˆ(τ)te−iHˆ
x
i (τ)teiHˆ
xz
i j (−τj )te−iHˆ
z
j (−τj )t |Φ〉 (S45)
Fzx11 = 〈Φ|eiHˆ(τ)te−iHˆ
z
i (−τi )teiHˆ
zx
i j (−τi )te−iHˆ
x
j (τ)t |Φ〉 (S46)
Fzz11 = 〈Φ|eiHˆ(τ)te−iHˆ
z
i (−τi )teiHˆ
zz
i j (−τi,−τj )te−iHˆ
z
j (−τj )t |Φ〉 ,
(S47)
where the overline corresponds to averaging over the τ con-
figurations, Hˆ(τ)α,...,γ
i,...,k
= Sˆαi · · · Sˆγk Hˆ(τ)Sˆαi · · · Sˆγk , and Hˆ(−τi)
denotes the fermionic Hamiltonian with the disorder realisation
specified by the configuration {τj} with the variable at site i
flipped: τi → −τi .
These expressions, starting from the infinite-temperature
disorder-free initial state, are shown in Fig. S5. The xx com-
ponent remains exponentially suppressed outside of the single
particle localisation length for all times. The zz component,
on the other hand, spreads beyond the single particle localisa-
tion length, with a typical width that scales logarithmically in
time. The xz and zx components both exhibit behaviour that
is intermediate between the two: A fraction remains localised
within the single particle localisation length (like the xx com-
ponent), whilst the remainder spreads logarithmically (like the
zz component).
FINITE TEMPERATURE DISORDER-FREE
LOCALISATION
We now construct a family of states |Ψθ,φ〉, which are
tensor products of eigenstates of the original spins, Xˆα, j , Zˆα, j ,
appearing in the compass Hamiltonian (1). These states are
translationally invariant, yet—when represented in the basis
of ηˆ j spins and qˆ j spins—correspond to a ‘finite temperature’
superposition of charge configurations {qj}with some chemical
potential. Consider the following tensor product state
Ψθ,φ〉 = |Φ〉 L⊗
j=1
[
cos(θ/2) |+〉 j + eiφ sin(θ/2) |−〉 j
]
(S48)
=
1
Z(θ)1/2
∑
{qj }
einqφe−nqµ/2 |Φ〉 ⊗ {qj}〉 . (S49)
The state |Φ〉 is an eigenstate of∏j ηˆzj , and |±〉 j are eigenstates
of qˆj . The effective chemical potential µ of such a state
on the Bloch sphere is identified as e−µ/2 = tan(θ/2). The
partition function Z(θ)−1/2 ensures normalisation of the state,
Z(θ) = ∑{z j } e−nzµ(θ). The special case (θ, φ) = (pi/2, 0), i.e.,
µ = φ = 0, corresponds to the infinite-temperature (i.e., equal-
weight) superposition of all charge configurations considered
in the main text. In terms of the original compass variables,
the rotated state may be written as a local superposition:Ψθ,φ〉 = cos(θ/2) Z1, j = 1, Z2, j = 1〉 +
eiφ sin(θ/2) Z1, j = 1, Z2, j = −1〉 . (S50)
By locally rotating the spins, one is able to effectively change
the temperature of the disorder distribution, and hence the
localisation length of the system.
